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Hartree-Fock-Bogoliubov descriptions of deformed weakly-bound nuclei in large
coordinate spaces
Y.N. Zhang, J.C. Pei,∗ and F.R. Xu
State Key Laboratory of Nuclear Physics and Technology,
School of Physics, Peking University, Beijing 100871, China
Weakly-bound deformed nuclei have been studied by the Skyrme Hartree-Fock-Bogoliubov (HFB)
approach in large coordinate-space boxes. In particular, the box-size dependence of the HFB calcu-
lations of weakly-bound deformed nuclei are investigated, including the particle density and pairing
density distributions at nuclear surfaces, the near-threshold resonant and continuum quasiparticle
spectra, and energetic properties. The box size may have larger influences in pairing properties than
in other bulk properties. We demonstrate that large-box calculations of weakly-bound nuclei are
important to precisely describe exotic phenomena such as deformed halos and peninsulas of stability
beyond drip lines.
PACS numbers: 21.10.Gv, 21.10.Pc, 21.60.Jz
I. INTRODUCTION
The nuclei close to the particle drip lines are very
weakly bound and can have exotic properties according
to our knowledge of stable nuclei, which makes them fas-
cinating quantum systems exhibiting the threshold ef-
fects, such as halo states [1–4]. There have been numer-
ous theoretical studies on the halos of weakly bound nu-
clei, but most of them are spherical [5–7]. In particular,
for weakly-bound deformed nuclei, exotic deformed halos
with decoupled surface deformations from the cores are
predicted [8–10]. It was known that the continuum de-
gree of freedom plays an important role in weakly-bound
nuclei [10–14]. Therefore, the theoretical descriptions of
weakly-bound deformed nuclei should precisely take into
account the continuum effect, deformations and large
spatial extensions. In this context, the self-consistent
HFB approach of density functional theory with contin-
uum couplings is a suitable method. However, the exact
treatment of continuum states in the HFB approach for
deformed nuclei is rare and much more complicated com-
pared to the spherical case [15].
In the HFB approach, the continuum can be treated
either by the discretization method or by exact solutions
with scattering boundary conditions [15, 16]. In the
discretization method, the continuum can be discretized
on a discrete set of basis functions [17, 18] or on the
coordinate-space lattice [19, 20]. Conventionally, the
HFB solvers are based on the HO basis which are very ef-
ficient but not suitable for describing weakly-bound sys-
tems. It has been demonstrated that the coordinate-
space HFB approach is very precise for describing weakly-
bound nuclei and continuum effects [19–21]. For halo
structures with large spatial extensions, the coordinate-
space HFB descriptions definitely need large box sizes.
In addition, it was known that the resulted number of
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continuum states increases significantly (∝ L3) as the
box size L increases [11]. The very dense quasiparti-
cle energy spectrum can provide good resolutions for the
resonance and non-resonant continuum. Therefore it will
be very useful to study the weakly-bound deformed nu-
clei by the HFB approach in large boxes. However, the
computational cost will be increased tremendously as the
box sizes is increased in deformed cases. Fortunately, due
to the development of supercomputing capabilities, the
deformed HFB descriptions in large box can be realized
through large-scale parallel calculations [22].
In deformed weakly-bound nuclei, the subtle inter-
play among surface deformations, surface diffuseness,
and continuum coupling can result in exotic structures,
and the theoretical studies need precise HFB solutions.
For example, there was an argument about the exis-
tence of two-neutron deformed halos based on the three-
body model [23]. while the existence of one-neutron de-
formed halos has been confirmed experimentally [4, 24],
In our previous work [10], we have shown that large-
box HFB calculations give an exotic “egg”-like halo
structure in 38Ne showing the core-halo deformation de-
coupling, which is associated with the phase space de-
coupling in the quasiparticle energy spectra. It was
demonstrated that the near-threshold non-resonant con-
tinuum is mainly responsible for such an exotic halo
structure [10]. Thus the quasiparticle spectrum provides
an important test for the precision of HFB solutions.
Some earlier studies showed that calculations with small
box sizes may not be sufficient to describe the pairing
properties [25] and quasiparticle spectrum of pairing oc-
cupation numbers [15]. Besides, one may be cautious
about the continuum discretization method for descrip-
tions of broad quasiparticle resonances as the reaction
model CDCC has been suffering [26]. It is also impor-
tant to evaluate the influences of the precision of HFB
solutions in the prediction of drip lines. Indeed, the usu-
ally adopted accuracy benchmark of HFB calculations
by comparing total binding energies may not be suffi-
cient for descriptions of weakly-bound nuclei in details.
2Our motivation in this paper is to further examine the
HFB calculations of weakly bound deformed nuclei and
study the box size dependence in several aspects, includ-
ing energetic properties, deformations, densities and pair-
ing densities, and the near-threshold quasiparticle spec-
tra of resonances and continuum, with much larger box
sizes compared to our previous work. This will be use-
ful for further studies of novel structures and excitation
modes in weakly-bound deformed nuclei so that one is
sure that they do not arise from uncontrolled approxi-
mations.
II. THEORETICAL METHOD
In this work, the Skyrme-HFB equation is solved by the
hfb-ax code [21, 22, 27] within a 2D lattice box, based
on B-spline techniques for axially symmetric deformed
nuclei [20]. To obtain sufficient accuracy, the adopted
2D box size is very large up to 36×36 fm. The max-
ima mesh size is 0.6 fm and the order of B-splines is 12.
This is the first deformed HFB calculations with such a
large box size, while in our previous work the adopted
2D box size is 30×30 fm [10]. For calculations employ-
ing large boxes and small lattice spacings, the discretized
continuum spectra would be very dense and provide good
resolutions. Because the computing cost is extremely
high, the hybrid MPI+OpenMP parallel programming
is implemented to get converged results within a reason-
able time [22]. It has to be noted that the hfb-ax code
has been improved remarkably for descriptions of large
systems [22], compared to its initial version [27]. Cal-
culations were performed in China’s top supercomputer
Tianhe-1A. For the particle-hole interaction channel, the
SLy4 force [28] is adopted as it is one of the mostly
used parameterizations for neutron rich nuclei. For the
particle-particle channel, the density dependent surface
pairing interaction is used [29]. The pairing strengthes
are fitted to the neutron gap of 120Sn.
The HFB equation in the coordinate-space representa-
tion can be written as
[
h(r)− λ ∆(r)
∆∗(r) −h(r) + λ
] [
Uk(r)
Vk(r)
]
= Ek
[
Uk(r)
Vk(r)
]
, (1)
where h is the Hartree-Fock Hamiltonian; ∆ is the pair-
ing potential; Uk and Vk are the upper and lower compo-
nents of quasi-particle wave functions, respectively; Ek is
the quasi-particle energy; and λ is the Fermi energy (or
chemical potential). For bound systems, λ < 0 and the
self-consistent densities and fields are localized in space.
For |Ek| < −λ, the eigenstates are discrete and Vk(r) and
Uk(r) decay exponentially. The quasiparticle continuum
corresponds to |Ek| > −λ. For those states, the upper
component of the wave function always has a scattering
asymptotic form. By applying the box boundary condi-
tion, the continuum becomes discretized and one obtains
a finite number of continuum quasi-particles. In princi-
ple, the box solution representing the continuum can be
close to the exact solution when a sufficiently big box and
small mesh size are adopted.
Based on the quasiparticle wave functions, the particle
density ρ(r) and the pairing density ρ˜(r) can be written
as
ρ(r) =
∑
k V
∗
k (r)Vk(r)
ρ˜(r) = −
∑
k Vk(r)U
∗
k (r)
, (2)
where in the sum the quasiparticle energy cutoff is taken
as (60− λ) MeV. We also discussed the particle occupa-
tion numbers nk and pairing occupation numbers n˜k as
defined below:
nk =
∫
V ∗k (r)Vk(r)d
3
r
n˜k = −
∫
Vk(r)U
∗
k (r)d
3
r
. (3)
III. CALCULATIONS AND DISCUSSIONS
A. Density and pairing density distributions at
nuclear surfaces
Firstly we study the particle density and pairing den-
sity distributions of weakly-bound deformed nuclei. Here
we focus on the deformed Ne and Mg isotopes near
the neutron drip line. Experimentally, 34Ne and 40Mg
are the neutron-richest isotopes known experimentally so
far [30]. Theoretically, there is a possibility of deformed
neutron halos in this region [9, 10].
In Fig.1 we display the neutron density profiles of 42Mg
obtained by different solving methods. The comparison
between the HFB solutions based on the Harmonic Oscil-
lator (HO) basis, the transformed HO (THO) basis [17]
and the coordinate-space HFB solutions of hfb-ax are
shown in logarithmic scale to emphasize different surface
asymptotics. The densities are displayed along the cylin-
drical coordinates z-axis (the axis of symmetry) and r-
axis (the axis perpendicular to z-axis and r=
√
x2 + y2),
respectively. The differences between the density pro-
files ρz(r=0) and ρr(z=0) actually reflect the surface de-
formations. It can be seen that the results obtained from
three methods have very different asymptotic behaviors
at large distances. With the HO basis, the density distri-
butions decays very rapidly due to the Gaussian asymp-
totic of HO basis. For this, the THO basis aims to im-
prove the descriptions of weakly-bound nuclei compared
to HO basis [31]. However, THO basis calculations still
fail to reproduce the halo structure and the surface de-
formation in 42Mg compared to the coordinate-space cal-
culations. Based on the comparison, the accuracy and
advantages of coordinate-space calculations have been
clearly illustrated for descriptions of weakly-bound de-
formed nuclei.
In Figs. 2 and 3 we show the neutron density distribu-
tions of Ne and Mg isotopes near the neutron drip line. It
3FIG. 1: (Color online) The neutron density profiles of 42Mg
are calculated by HFB-HO, HFB-THO and HFB-AX. The
HFB-HO and HFB-THO calculations are based on 30 HO
shells and the HFB-AX calculations are done within a box of
30 fm. The density distributions are displayed along the cylin-
drical coordinates z-axis(solid line) and r-axis(dashed line),
respectively.
can be seen that as the neutron number increase, in gen-
eral, the surface densities enhance and the halo structures
become more pronounced. In Ne isotopes, the surface de-
formations have interesting evolutions. In Fig.2, 34Ne has
a spherical core and a small surface deformation; 36Ne
has a deformed core and a small surface deformation;
38Ne has a spherical core plus a well deformed prolate
halo. Such an “egg”-like halo structure in 38Ne has been
pointed out in the previous work as a result of the subtle
interplay between the surface diffuseness, surface defor-
mation and continuum couplings [10]. In Mg isotopes, all
the cores and the skins/halos are well prolate deformed.
It has to be noted that the surface deformations increase
in both Ne and Mg isotopes close to the neutron drip
line. It was known that the surface deformation and the
surface diffuseness are mainly contributed by the near-
threshold non-resonance continuum [10]. Therefore the
increase of surface deformations can be attributed to the
enhanced non-resonant continuum close to the neutron
drip line. In Figs. 2 and 3, we have also displayed the
neutron pairing density distributions ρ˜r and ρ˜z of Ne
and Mg isotopes. As we have pointed out earlier, the de-
formation decoupling also occurs in the pairing density
distributions [10]. In the spherical case, the much larger
spatial extensions of the pairing densities have been ob-
served in drip line nuclei, due to the different asymptotic
behaviors of ρ and ρ˜ at large distances [11]. In the de-
formed cases, it can be seen that not only the spatial
extensions but also the surface deformations of pairing
density distributions are larger than that of the density
distributions. The deformed halo structures are more
significant in the pairing density distributions. This can
also be interpreted as that the non-resonant continuum
FIG. 2: (Color online) The neutron density and neutron pair-
ing density profiles of 34Ne,36Ne and 38Ne. The density ρ and
pairing density ρ˜ distributions are displayed along the cylin-
drical coordinates z-axis (solid line) and r-axis (dashed line),
respectively.
has much larger influences in pairing properties than in
normal densities [21, 32].
Fig. 4 displays the neutron density ρ(r) and the neu-
tron pairing density ρ˜(r) of 38Ne calculated with the box
sizes of 24 fm, 30 fm and 36 fm, respectively. It can
be seen that, for different box sizes, the densities have
the same asymptotics and surface deformations before
meeting the box boundaries. This implies the deformed
halo structure of 38Ne is rather robust as the box size
changes. We can see that the box size of 30 fm is suf-
ficient to give rise to the deformed halo in the density
distributions. For the pairing density distribution with a
much larger spatial extension, however, we can see that
the HFB calculations require an even larger box.
4FIG. 3: (Color online) The neutron density and neutron pair-
ing density profiles of 40Mg,42Mg and 44Mg. The density ρ
and pairing density ρ˜ distributions are displayed along the
cylindrical coordinates z-axis(solid line) and r-axis(dashed
line), respectively.
B. Quasiparticle spectrum near thresholds
It was known that the near-threshold quasiparticle
spectrum, in particular the non-resonant continuum, is
mainly responsible for the halo structures in weakly-
bound nuclei [10, 13, 32]. While the conventional in-
terpretation of halos in terms of weakly-bound single-
particle wavefunctions could be oversimplified for the
two-neutron halos. Therefore it is of great interest to
study the structures of quasiparticle spectrum of reso-
nances and continuum, especially for deformed weakly-
bound nuclei.
To compare the different quasiparticle spectra calcu-
lated by the HO basis, THO basis and the coordinate-
space discretization method, we display the smoothed oc-
FIG. 4: (Color online) The neutron density ρn (top), and
neutron pairing density ρ˜n (bottom) of
38Ne calculated with
box sizes of 24 fm, 30 fm and 36 fm. The density and pair-
ing density distributions are displayed along the cylindrical
coordinates z-axis (solid line) and r-axis (dashed line), re-
spectively.
cupation numbers n˜i [as defined in Eq.(3)], as showed
in Fig.5. The neutron quasiparticle occupation numbers
ni of Ω
pi = 1/2± of 42Mg are smoothed with a Lorentz
shape function and a smoothing parameter of 50keV .
The smoothing method was described in Ref.[21]. For
quasiparticle resonances, the related Nillsson labels are
given. The quasiparticle spectra from HFB-HO have
a significant shift compared to HFB-AX, and the THO
basis shows improved agreement compared to HFB-AX.
Indeed, HFB-THO has better surface asymptotics than
HFB-HO for 42Mg as shown in Fig.1. However, both the
HO and THO calculations have problems to represent the
1/2[321] which is a broad quasiparticle resonance. The
HFB-HO calculations tends to underestimate the widths
of broad resonances. It is known that the discretized
spectra of quasiparticle resonances can roughly have the
Breit-Wigner shape [21]. For quasiparticle states with
narrow widths, the basis expansion method should be
fine. It is obvious that the coordinate-space method is
superior over the HO or THO basis expansion method
in describing the broad quasiparticle resonances. This is
5FIG. 5: (Color online) The smoothed particle occupation
numbers of Ωpi = 1/2± neutron quasiparticle states of 42Mg,
The quasiparticle spectra obtained by HFB-HO (dotted line)
and HFB-THO (dashed line) with 30 shells of HO/THO basis,
and by HFB-AX (solid line) with a box size of 30 fm.
because the coordinate-space HFB calculations produce
much denser quasiparticle spectra than the HO and THO
calculations.
Next we demonstrate that larger box calculations can
further improve the descriptions of broad quasiparticle
resonances and non-resonant continuum. To distinguish
the quasiparticle resonances and the continuum, we dis-
play the smoothed neutron quasiparticle spectra of 38Ne
obtained with box sizes of 24fm, 30fm and 36fm, as shown
in Fig.6. It was known that the energies of quasiparti-
cle resonances are stationary with different box calcula-
tions, while continuum states are not [33]. With box-
changed calculations one can get the information about
non-resonant continuum contributions. It is seen that
the quasiparticle spectrum above the thresholds consist-
ing of several resonances, and a remarkable non-resonant
continuum background below 3 MeV. In our previous
study [10], the near-threshold non-resonant continuum is
mainly responsible for the “egg”-like deformed halo struc-
ture in 38Ne. In Fig.6, the distributions of 1/2[200] and
1/2[211] states don’t change as the box size varies and
FIG. 6: (Color online) The smoothed particle occupation
numbers of Ωpi = 1/2± neutron quasiparticle states of 38Ne
obtained by HFB-AX with box sizes of 24 fm, 30 fm, and 36
fm. The continuum thresholds, i.e. −λn, are given, where λn
is the neutron Fermi energy.
they are obviously quasiparticle resonances. However,
it is difficult to identify the broad resonance 1/2[300]
around 4 MeV. By increasing the box sizes, it can be
seen that the resonance 1/2[300] are stationary and be-
comes more and more like a Breit-Wigner shape. There
are some small peaks close to the threshold that fades
away as the box size increases. Actually they should be
completely dissolved into the continuum in even larger
box calculations or exact HFB solutions.
Fig. 7 displays the smoothed pairing occupation num-
bers n˜i obtained by different box sizes, corresponding
to the particle occupation numbers ni in Fig.6. We can
see that the near-threshold non-resonant continuum have
significant contributions that exceed the contributions of
resonances. The dominance of the non-resonant contin-
uum in the pairing channel of weakly-bound nuclei has
6TABLE I: Calculated results of 38Ne obtained by HFB-AX
with box sizes of 24 fm, 27 fm, 30 fm and 36fm. The to-
tal binding energy Etot, Coulomb energy Ec, pairing energy
Epair, kinetic energies Ekin, the quadruple deformations β2,
the r.m.s radii Rrms (in fm), the pairing gaps ∆, the Fermi
surface energies λ are listed. The energies are given in MeV.
38Ne 24fm 27fm 30fm 36fm
Etot −220.29 −220.29 −220.35 −220.33
Ec 18.94 18.95 18.95 18.96
Epair −68.10 −67.77 −67.41 −67.43
Epkin 138.34 138.46 138.51 138.56
Enkin 444.84 443.48 442.85 442.10
β2p 0.00 0.00 0.00 0.00
β2n 0.13 0.19 0.24 0.34
Rrms 9.39 9.38 9.38 9.37
∆p 1.46 1.47 1.47 1.46
∆n 2.97 2.95 2.93 2.92
λp −23.853 −23.802 −23.784 −23.747
λn −0.079 −0.096 −0.103 −0.116
been pointed out in [13, 32]. For each quasiparticle reso-
nance, the spectrum of pairing occupation numbers has a
corresponding peak. For the broad resonance 1/2[300], it
can be seen that the description of the pairing occupation
numbers can be improved by increasing the box size. The
failure of descriptions of pairing occupation numbers in
small box solutions has been pointed out by [15]. In Fig.
7, the non-resonant part of the pairing occupation num-
bers still has notable non-smooth distributions even with
a box size of 36 fm. Based on the comparison between
Fig. 6 and Fig. 7, one can understand that even larger
box sizes are needed for descriptions of pairing proper-
ties, especially for the surface peaked pairing shown in
Fig.4.
Table I shows the result of deformed HFB calculations
for 38Ne with different box sizes. With the increasing box
size, the total binding energy Etot increases generally , in-
dicating the stability is being enhanced. The pairing en-
ergy Epair and the neutron kinetic energy Ekin decrease
significantly as the box size increases. The combination
Epair + Ekin is less sensitive to the box sizes. It was
pointed out in [25] that in the vicinity of the drip lines
pairing correlations can be overestimated by the contin-
uum discretization in box HFB calculations. Indeed, the
convergence of the pairing energy is slow with respect to
the increasing box sizes. Again this indicates that large
box calculations are essential for describing pairing prop-
erties of weakly-bound nuclei and exotic deformed halo
structures. We also observed the increase in the surface
quadrupole deformations β2n of neutrons as the box size
increases, although they have consistent surface asym-
potics as shown in Fig.4. Nevertheless the deformations
in this region are very soft [34]. The decreasing of the
neutron Fermi surface energy with increasing box sizes
implies the halo structure becomes more stable in larger
box calculations, mainly due to the better treatment of
the continuum effects and pairing correlations.
FIG. 7: (Color online) The smoothed pairing occupation num-
bers of Ωpi = 1/2± neutron quasiparticle states of 38Ne ob-
tained by HFB-AX with box sizes of 24 fm, 30 fm, and 36 fm.
The continuum thresholds, −λn, are given, where λn is the
neutron Fermi energy.
C. Peninsula of stability beyond the drip line
Once the accurate HFB descriptions of weakly-bound
deformed nuclei are realized, it is interesting to ad-
dress the question whether there can possibly exist is-
lands or peninsulas of stability beyond the neutron drip
line [35]. There have been some studies based on Hartree-
Fock+BCS method to explore the islands or peninsulas
of stability [36]. Also we like to know the influences of the
HFB solving precision on the prediction of the neutron
drip line. We are particularly interested in the possible
islands or peninsulas of stability due to deformations and
continuum effects based on the coordinate-space HFB
7FIG. 8: (Color online) The neutron Fermi energies of Nd iso-
topes calculated by HFB-THO (with 30 shells of transformed
HO basis) and HFB-AX (with a 30 fm box).
calculations. Note that the HFB-HO and HFB-THO cal-
culations even with 30 shells of basis still can not obtain
the deformed halos in 38Ne and 44Mg. To examine the
HFB precision in the heavy mass region, we studied the
well deformed Nd (Z=60) isotopes with the SLy4 force
and the mixed pairing interaction [29].
In Fig.8, the Fermi surface energies of Nd isotopes are
shown as a function of neutron numbers. It can be seen
that the normal two-neutron drip line is obtained by dif-
ferent methods as N=126. The Nd isotopes from N=128
to 136 with positive Fermi surface energies are not bound
systems. It is reasonable that the Fermi surface energies
in HFB-AX calculations are systematically lower than
that in HFB-THO calculations. The interesting point
is that the Nd isotope with N=138 is slightly bound
in the coordinate-space HFB calculations, with a neg-
ative λn of −35 KeV. While λn is 68 KeV in the HFB-
THO calculations with 30 shells of transformed HO ba-
sis. By using the approximation S2n(Z,N) ≈ −2λn (for
even N) [37], 198Nd seems to be bound for two-neutron
emissions. Hence 198Nd may be seen as the extension
of the peninsula of stability in the deformed Nd-Sm-Gd
region around N=138 [37]. The nucleus 198Nd is well
deformed (β2=0.28) and has considerable pairing corre-
lations (∆n=0.59 MeV) as well as continuum effects. It
has to be noted that, however, its halo structure is not
so significant as that in light nuclei. Calculations with
mixed pairing indeed give arise to less significant halo fea-
tures compared to the surface pairing. In addition, the
decreased possibility of heavy halos has been discussed in
Refs.[6, 7, 10]. With the Nd example studied, we might
predict the possibilities of other islands or peninsulas of
stability by accurate HFB calculations.
IV. SUMMARY
The main objective of this study is to perform de-
tailed analysis of deformed weakly bound nuclei based
on the self-consistent Skyrme-HFB approach within
large coordinate-space boxes. The advantages of the
coordinate-space HFB calculations are its capability of
the precisely treatment of the surface deformations, con-
tinuum effects and large spatial extensions, which are
essential mechanisms of the exotic structures in weakly-
bound deformed nuclei. Based on detailed analysis and
the comparison with the HO and THO basis expansion
methods, we demonstrated that large box HFB calcu-
lations are necessary to describe the asymptotic behav-
iors of deformed halos and pairing density distributions,
broad quasiparticle resonances and non-resonant contin-
uum, the predictions on islands or peninsulas of stability
and drip lines. In addition, the large box calculations
are especially needed for descriptions of pairing occupa-
tion numbers and pairing density distributions of weakly-
bound nuclei which have more pronounced deformed halo
structures. This is related to the fact that the pairing
density distributions have lager surface deformations and
larger spatial extensions than that of the normal densi-
ties. For this, the remarkable contribution from near-
threshold non-resonant continuum plays an important
role. One should keep in mind that the precise predic-
tions of deformed halos would be dependent upon models
and effective interactions that one used.
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